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SUMMARY 
A new method based on v o r t e x  l a t t i c e  t h e o r y  h a s  been deve l -  
oped which can  be a p p l i e d  t o  t h e  cambined a n a l y s i s ,  induced d r a g  
o p t i m i z a t i o n ,  and aer9dynamic d e s i g n  of  t h ree -d imens iona l  c o n f i g -  
u r a t i o n s  of a r b i t r a r y  shape.  Geometric and aerodynamic con- 
s t r a i n t s  can  be  imposed on b o t h  t h e  o p t i m i z a t i o n  and t h e  d e s i g n  
p roces s .  The method is  compared w i t h  s e v e r a l  known a n a l y t i c a l  
s o l u t i o n s  and is a p p l i e d  t o  s e v e r a l  d i f f e r e n t  d e s i g n  and op t imi -  
z a t i o n  problems, i n c l u d i n g  fo rma t ion  f l i g h t  and w i n g t i p  f i n s  f o r  
t h e  Boeing KC-135 t a n k e r  a i r p l a n e .  Good agreement h a s  been 
observed  between t h e  t h e o r e t i c a l  p r e d i c t i o n s  and t h e  wind t u n n e l  
test  r e s u l t s  f o r  t h e  KC-135 m o d i f i c a t i o n .  
INTRODUCTION 
Fa lkne r  ( r e f .  1) h a s  used  v o r t e x  l a t t i c e  ne tworks  a s  e a r l y  a s  
i943  f o r  t h e  c a l c u l a t i o n  of  t h e  aerodynamic f o r c e s  on s u r f a c e s  of  
a r b i t r a r y  shape.  With t h e  a d v e n t  of e l e c t r o n i c  d i g i t a l  computers ,  
v o r t e x  l a t t i c e  methods were t h e  First powerful  t o o l s  f o r  t h r e e -  
d imens iona l  p o t e n t i a l  f l ow a n a l y s i s .  I n  t h e  p a s t  decade ,  v o r t e x  
l a t t i c e  computer codes  were deve loped  independen t ly  by s e v e r a l  
i n v e s t i g a t o r s ,  i n c l u d i n g  Rubbert  ( r e f .  2 )  and t h e  a u t h o r  of  t h i s  
pape r  ( r e f .  3 ) .  
The v o r t e x  l a t t i c e  approach  is s t i l l  f avo red  f o r  many e n g i -  
n e e r i n g  a p p l i c a t i o n s  f o r  s e v e r a l  r e a s o n s ,  such  a s  t h e  e a s e  o f  t h e  
problem d e s c r i p t i o n ,  t h e  r e l a t i v e l y  s m a l l  compu ta t iona l  e f f o r t  
r e q u i r e d  and t h e  " remarkable  accu racy  OL t h e  s o l u t i o n " ,  a s  no ted  
by James ( r e f .  4 ) .  One s p e c i f i c  advantage  o f  "he v o r t e x  l a t t i c e  
i d e a l i z a t i o n  o v e r  t h e  advanced p a n e l  methods is t h a t  t h e  l e a d i n g  
edge s u c t i o n  f o r c e  is  i n h e r e n t l y  i nc luded  i n  t h e  s o l u t i o n .  T h i s  
a l l o w s  t h e  computa t ion  of t h e  c o n f i g u r a t i o n  induced d r a g  wi thou t  
r e s o r t i n g  t o  t h e  T r e f f t z - p l a n e  theorem. 
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V o r t e x  l a t t i c e  methods  t e n d  t o  s l i g h t l y  u n d e r p r e d i c t  i n d u c e d  
d r a g ,  as o b s e r v e d  by Rubber t  ( r e f .  2 )  and Kalman ( r e f .  5 ) .  How- 
e v e r ,  a s  l o n g  a s  t h e  p a n e l i n g  scheme is k e p t  u n i f o r m ,  t h e  i n d u c e d  
d r a g  computed by t h e  v o r t e x  l a t t i ce  method v a r i e s  i n  a c o n s i s t e n t  
f a s h i o n  from known e x a c t  s o l u t i o n s .  T h e r e f o r e ,  it a p p e a r s  to  b e  
j u s t i f i a b l e  t o  u t i l i z e  t h e  v o r t e x  l a t t i c e  n e a r - f i e l d  i n d u c e d  d r a g  
p r e d i c t i o n s  f ~ r  t h e o p t i m i z a t i o n  o f  t h e  ae rodynamic  l o a d  d i s t r i -  
b u t  i o n .  
T h i s  papez  p r e s e n t s  a  u n i f i e d  a p p r o a c h  f o r  t h e  combined 
a n a l y s i s ,  o p t i m i z a t i o n ,  and  d e s i g n  o f  t h r e e - d i m e n s i o n a l  a e r o d y -  
namic c o n f i g u r a t i o n s  based  on t h e  v o r t e x  l a t t i c e  t e c h n i q u e .  The 
new method w i l l  s a t i s f y  ae rodynamic  and  g e o m e t r i c  c o n s t r a i n t s  
w h i l e  r e d e s i g n i n g  t h e  c o n t o u r  o f  t h e  c o n f i g u r a t i o n  t o  y i e l d  m i n i -  
mum i n d u c e d  d r a g .  
The new combined a n a l y s i s - o p t i m i z a t i o n - d e s i g n  method t a k e s  
a d v a n t a g e  o f  t h e  v o r t e x  l a t t i c e  n e a r - f i e l d  i n d u c e d  d r a g  s o l u t i o n  
f o r  t h e  o p t i m i z a t i o n  p r o c e s s .  When l i n e a r i z e d  boundary  c o n d i -  
t i o n s  w i t h  r e s p e c t  t o  t h e  f i r s t  g u e s s  o f  t h e  c o n f i g u r a t i o n  geo-  
m e t r y  a r e  i n t r o d u c e d ,  t h e  new method c a n  p r e d i c t  w i t h  good 
a c c u r a c y  t h e  c h a n g e s  i n  t w i s t  and camber r e q u i r e d  t o  a c h i e v e  t h e  
l o a d  d i s t r i b u t i o n  f o r  minimum i n d u c e d  d::ag and  a l s o  s a t i s f y  a d d i -  
t i o n a l  d e s i g n  c o n s t r a i n t s .  
PROBLEM FORMULATION 
A good example  o f  a  complex d e s i g n  problem i s  t h e  a d d i t i o n  
o f  w i n g t i p  f i n s  t o  a n  e x i s t i n g  a i r p l a n e .  For  a g i v e n  wing f i n  
h e i g h t  and p l a n f o r m ,  t h e  t a s k  i s  t o  d e t e r m i n e  t h e  f i n  t w i s t  a n d  
camber ,  and t h e  a n g l e  o f  a t t a c k  o f  b o t h  t h e  f i n  and t h e  wing t h a t  
w i l l  r e s u l t  i n  minimal  induced  d r a g  f o r  t h e  a i r p l a n e  a t  a p r e -  
s c r i b e d  l i f t  c o e f f i c i e n t .  To a ~ z a m p l i s h  t h i s ,  a  mixed a n a l y s i s /  
d e s i g n  problem must  be s o l v e d .  The problem c a n  be  s t a t e d  a s  
f o l l o w s :  Determine t h e  t w i s t  a n d / o r  camber S i s t r i b u t i o n  r e q u i r e d  t 
f o r  p o r t i o n s  o r  a l l  o f  a  t h r e e - d i m e n s i o n a l  sys tem o f  wings  w i t h  
a r b i t r a r y  p l a q f o r m s  w h i l e  a  number o f  p r e s c r i b e d  d e s i g n  r e q u i r e -  
ments  a r e  s a t i s f i e d .  The d e s i g n  r e q u i r e m e n t s  c o u l d  be  a n y  mean- @ 
i n g f u l  c o m b i n a t i o n  o f  t h e  c c . ~ d i t i o n  t h a t  t h e  i n d u c e d  d r a g  o f  t h e  
sys tem ( o r  o f  p a r t  o f  t h e  sys tem)  be a minimum w h i l e  a t  t h e  same 
time a  number of c o n s t r a i n t  c o n d i t i o n s  a r e  imposed. T y p i c a l  con- 
s t r a i n t s  would be, f o r  example ,  t h a t  a  g i v e n  amount o f  l i f t  be  
g e n e r a t e d  a t  a g i v e n  p i t c h i n g  o r  r o l l i n g  moment, o r  t h a t  t h e  
boundary c o n d i t i o n s  be s a t i s f i e d  o n  p o r t i o n s  o f  t h e  i n i t i a l  con- 
f i g u r a t i o n .  
Translated into the language of mathematics, the task des- 
cr!bed auove amounts to finding the extreinum of a function sub- 
! ject to a set of imposed constraints. Such a problem can be 
solved by Lagrange's method of multipliers. 
SOLUTION 
The configuration to be analyzed or designed is subdivided 
irto a network of n panels spaced uniformly in spanwise and 
chordwise direction, as outlined in figure 1. Based m the 
theorem of Pistolesi (ref. 6) an unknown lifting vortex singular- 
ity y is located along the 1/4-chord line of each panel. Hel- 
moltz' law is satisfied by shedding a p:;ir of trailing vortices 
along the panel edger downstream to infinity. It is a basic 
assumption for this horseshoe vortex model that these trailing 
vortices are aligned with the loc~l flow direction; therefore, 
oaly the forces acting on the lifting vortex elements need to be 
computed. There are two points of special significance located 
on each panel: the lifting vortex midpoint a1.d a boundary point 
at 3/4-chord. 
Boundary Conditions 
In the configuration analysis moCe, the strength of the 
unknown singularities y is determin,cZ such that the flow tangency 
condition is satisfied at all boundary points. In the configura- 
tion design mode, the boundary condikions need not necessarily 
be satisfied on the initial geometry, but there the angle formed 
between the panel surface and the veloci-ty vector at the panel 
3/1-chord poi-:t represents the unknown values Act, A P  of the 
changes in panel orientation, which are necessary to yield the 
contour of the updated configuration. 
The boundary condition for the panel j can be written in the 
generalized form 
n 
where 
- 
fji  boundary point influence coefficient indicating the 
velocity induced by a unit strength singularity i 
parallel to the surface normal vector fl on panel j .  j 
Aa.,AB = unknown pitch and yaw angles that may be required +.o j reorient the panel j in order to satisfy the flow tan- 
gency at its boundary point. 
a j , b j  = p a n e l  r e o r i e n t a t i o n  i n s l u e n c e  c o e f f i c i e n t s  t h a t  i n d i -  
c a t e  t h e  change i n  gj -u, when t h e  p a n e l  j i s  p i t c h e d  
o r  yawed by h = A B = l O .  1 
-b 
UW = f r e e  s t r eam v e l o c i t y  v e c t o r .  
The pane l  r e o r i e n t a t i o n  i n f l u e n c e  c o e f f i c i e n t s  are l i n e a r -  . 
i z ed  w i t h  r e s p e c t  t o  t h e  i n i t i a l  p a n e l  l o c a t i o n .  T h e r e f o r e  I 
e qua t ion  (1) can  be cons ide red  a c c u r a t e  f o r  o r i e n t a t i o n  changes  
of approximate ly  up t o  Aaj=A@j=200. I f  t h e  boundary c o n d i t i o n  
has  t o  be  s a t i s f i e d  a t  t h e  o r i g i n a l  p o s i t i o n  of  t h e  p a n e l  ( ana ly -  
sis mode) t h e n  4 a j  and ASj a r e  ze ro .  
Computation of  F o r c e s  
The c o n d i t i o n s  a t  t h e  1/4-chord p o i n t  ( v o r t e x  m i d p o i n t ) +  
govern t h e  f o r c e s  a c t i n g  on t h e  p a n e l .  The v e l o c i t y  v e c t o r  V j  
a t  t h e  1/4-chord p o i n t  is o b t a i n e d  a s  t h e  sum o f  t h e  f r e e  stream 
v e l o c i t y  v e c t o r  GW and t h e  v e l o c i t y  induced acco rd ing  t o  B i o t -  
S a v e r t ' s  law by a l l  unknown v o r t e x  s i n g u l a r i t i e s  i n  t h e  f l ow  
f i e l d :  
*' 
+ 
where w j i  d e n o t e s  t h e  v e l o c i t y  induced a t  t h e  midpo in t  o f  p a n e l  j 
by t h e  u n i t  s t r e n g t h  horseshoe  v o r t e x  o f  p a n e l  i. The v e l w i t y  
a t  t h e  midpoint  i s  assumed t o  r e p r t s e n t  t h e  ave rage  v a l u e  dve r  
t h e  pariel and IS used t o  de t e rmine  t h e  f o r c e  i f .  a c t i n g  on t h e  
pdne l  by app ly ing  Kutta-Joukowsky's law f o r  a  g l u i d  o f  u n i t  
d e n s i t y :  
where S j  d e s c r i b e s  t h e  l e n g t h  and o r i e n t a t i o n  o f  t h e  l i f t i a g  
v o r t e x  e lement .  
The f o r c e  vec tog  S j  compr i se s  t h e  p a n e l  d r a g  component D 
and t h e  l i f t  v e c t o r  Lj,+which by d e f i n i t i o n  i s  o r i e n t e d  normal t o  
t h e  f r e e  s t r eam v e c t o r  u , ~ .  
The induced d rag  of a  whole c o n f i g u r a t i o n  w i t h  n  p a n e l s  c a n  
be exprer  ;ed a s  a  q u a d r a t i c  f u n c t i o n  of  a l l .  t h e  p a n e l  v o r t e x  
s t r e n g t h s  y i n  t h e  t x m  of  t h e  doub le  sum: 
The induced drag influence coefficients d i describe the 
drag force experienced by the panel j due to t d e panel i when 
their horseshoe vortices have unit strength. The drag influence 
coefficients contain only geometrical terms. In order to get a 
nontrivial minimum induced drag solution, at least one constraint 
must be introduced in addition to equation (4). 
Constraint Conditions 
There are a large number of different constraint conditions 
which can be imposed on the minimum induced drag problem. In the 
present method, any meaningful combination of the following con- 
straints may be specified: 
1) Boundary conditions: For each boundary condition to be satis- 
fied, a new equation (1) is introduced. 
2 )  Relationships between unknown singularities: The strength of 
certain horseshoe vortices or a relationship between groups of 
horseshoe vortices is introduced via a.il equation of the type: 
where the constants (g) are weighting functions describing the 
particular constraint condition. 
3) Relationships between the panel reorientation parameters: 
The movements of panels or of groups of panels are controlled by 
the following constraint equations that establish relationships 
between the unknowns Aa and/or A@: 
4) Force or moment relationships between groups of panels: Forces 
and moments due to individual panels or groups of panels are pre- 
scribed by equations of the following type: 
where the influence coefficient hi indicates the force or the 
moment of '-he panel i for yi=l. 
The influence coefficients hi are, in principle, described 
by equation (3). Equation (2) shows that for the computation of 
hi, all vortex strengths y need to be known. Equation (7) there- 
fore is nonlinear. However, rather than solving the nonlinear 
problem directly, an iterative scheme is employed wher the first 
solution of the vorticity distribution is found for hi'O)=h~(da). 
Subsequent iterations use updated coefficients, hi (k) = hi (urn, 
. 
yl (k-1) , . . . Yn (k-l) ) which are based on the vortex distribution of 
1 
the previous solution. Tnis process converges very rapidly, and 
in many cases the first solution is already sufficiently accurate. 
Drag Minimizttion Under Constraint Conditions 
The induced drag function (4) and the constraints C given by 
the expressions (1) and (5) through (7) may be combined in a new 
quadratic function: 
m 
G (yl" yn,Aal- *Aan,AB1**ABn,Al--*Am)=D(yl**yn)+ C hi Ci ( 8 )  
i=l 
where Ai are the Lagrangian multipliers for m constraints imposed. 
A necessary requirement for the induced drag to be a minimum is 
that all the partial derivatives of equation (8) be zero. Differ- 
entiating the function G with respect to all its variables yl 
through A, yields a system of simultaneous linear equations for 
the unknowns y, Aa, AB, A. Solution of this system of equations 
completes the configuration analysis-optimization-design process, 
unless an iteration is required to update the influence coeffi- 
cients h of equation (7) or if the redesigned geometry deviates 
too much from the starting configuration. 
VALIDATION OF THE TECHNIQUE 
Tne vortex lattice analysis-optimization-design method has 
been programmed in FORTRAN IV on the CDC6600 computer. A series 
of data cases have been run to check the method against known 
analytical solutions. 
Planar Wings 
R. T. Jones (ref. 7) has given an analytical solution for the 
load distribution about wings of varying spans having the same 
prescribed lift and wing root bending moment. Some of his cases 
have been analysed by the present vortex lattice method using a 
single lifting line subdivided into 40 equal panels. The wingtip 
panel and its trail'i.;r vortex were inset by l/4-panel span as 
proposed by Rubbert (ref. 2). The agreement between the vortex 
" lattice results and Jones' exact solution is excellent for both the 
" shape and the spanwise load distribution (see figure 2) and the in- $ 
' duced drag ratios shown In figure 3. 
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Nonplanar Configurations 
Lundry (ref. 8) gives the induced drag factor, e, and the 
optimum spanwise circulation distribution obtained by a Trefftz- 
plane analysis of wings with a wingtip mounted end plate. Figure 
4 shows the optimum circulation distribution on a wing with a 20% 
end plate compared to two vortex lattice results obtained with a 
single lifting lins but using a different number of spanwise 
panels. The agreement with the exact solution is excellent, 
except in the corner between-the wing and the tip fin. There the 
vortex lattice solution obtained with 25 panels per half-wing 
deviates slightly from the exact solution. 
Some understanding of the source of the slight differences 
in span loading can be gained by comparing the downwash and side- 
wash computed at the midpoints of the lifting vortex elements 
with the known exact distribution. The Trefftz-plane analysis 
yields constant downwash along the span of the wing and zero 
sidewash along the span of the tip fin for the minimum induced 
drag load distribution. The present vortex lattice solution 
yields essentially the same results, but there are noticeable 
discrepancies in a small region of the wing-fin intersection, as 
shown in figure 5. This indicates that under certain conditions, 
the point selected for induced drag computation should not always 
be located exactly in the middle of each panel lifting vortex 
element. This error is, however, confir.ed to a relatively small 
portion of the configuration and some of the downwash deviations 
are of oscillatory nature and therefore self-cancelling. The in- 
duced drag efficiency factors indicated by the vortex lattice 
method and by the exact solution are thus practically identical 
for this particular configuration, as shown in figure 6. 
APPLICATION OF THE PRESENT VORTEX LATTICE DESIGN METHOD 
The present method has been applied to a variety of problems, 
such as the design of wingtip fins, the modification of wings of 
a hydrofoil boat, and the optimum positioning of the leading-edge 
devices of the YC-14 military transport, The following two 
examples demonstrate some of the capabilities of the combined 
analysis-optimization-design vortex lattice method. 
Formation Flight 
Formation flying techniques have been proposed repeatedly as 
a means of reducing airplane drag. To get an estimate of the 
possible savings in induced drag, a group of five airplanes flying 
at the same altitude in an arrow formation illustrated in figure 7 
were analyzed. The ideal (elliptic) load distribution, which 
yields minimum drag for the whole formation, is well known from 
the Trefftz-plane analysis. This optimum solution is, however, 
not practical since none of the airplanes off the centerline 
would be balanced in roll. In adzition, a completely impractical 
wing twist distribution would be required to achieve such a load 
distribution. The induced drag savings indicated by this simple 
theory are, therefore, far too optimistic. 
A more realistic picture is obtained by introducing the 
constraint that each airplane of the formation be trimmed in 
pitch and roll with respect to its own center of gravity. For 
thij analysis, the airplanes are assumed to have swept, constant 
chozd wings without wing twist. The left-hand and right-hand 
ailsrons of each airplane are interconnected such that they de- 
flect by equal but opposite angles. The horizontal tail is a 
simple flat plate. The unkn~wn geometry variables are the angular 
deflections af every surface in the formation; ie, wing and hori- 
zontal tail incidences and aileron deflection angles. A lift 
coefficient of CL = 0.5 is prescribed for the formation. 
When only the lift for the whole airplane formation is pre- 
scribed, each of the airplanes carries a different amount of load, 
as seen in the top of figure 8. This distribution of the load 
between airplanes creates the minimum amount of induced drag for 
the whole formation flying at the conditions stated. 
A more practical result is obtained when the constraint is 
introduced that each airplane in the formation flies at the same 
lift coefficient. Then the problem is fully defin~d, and only an 
analysis-design scheme has to be implemented. The load distribu- 
tion and the induced drag values for the airplanes operating 
under this condition are shown in the center of figure 8. 
As a third variant of the formation flight problem, the in- 
duced drag of only the No. 2 and No. 4 airplane has been mini- 
mized by allowing a redistribution of the formation weight among 
t h ~  other airplanes. The results are shown at the bottom of 
figure 8. The lift of the No. 2 and No. 4 airplanes is close to 
zero for minimum induced drag; the small residual lift stems from 
the condition that the planes are trimmed. This solution is only 
of academic interest, but it demonstrates the capability of the 
present method to minimize the induced drag of subsets of a con- 
figuration. 
The a n a l y s i s  of  t h i s  f i v e - a i r p l a n e  fo rma t ion  u s i n g  t h e  vor-  
t e x  l a t t i c e  method i n d i c a t e s  t h a t  d r a g  s a v i n g s  can  be s i g n i f i c a n t  
though much s m a l l e r  t h a n  p r e d i c t e d  by t h e  i d e a l i z i n g  T r e f f t z -  
p l a n e  assumpt ions .  I n  a d d i t i o n ,  it is  seen  t h a t  t h e  induced d r a g  
is  unevenly d i s t r i b u t e d  among t h e  a i r p l a n e s  i n  t h e  fo rma t ion .  
The re fo re ,  d i f f e r e n t  fo rma t ion  a r rangements  should  be  used t o  
o b t a i n  a more uniform d r a g  l e v e l  f o r  a l l  a i r p l a n e s  involved .  
Wingt ip  F i n s  f o r  t h e  KC-135 A i r p l a n e  
. 
The p r e s e n t  v o r t e x  l a t t i c e  method h a s  been used e x t e n s i v e l y  
by I s h i m i t s u ,  e t  a l . ,  ( r e f .  9 )  t o  e v a l u a t e  and d e s i g n  t i p  f i n s  
f o r  t h e  KC-135 t a n k e r  a i r p l a n e ,  
F i g u r e  9 shows a t y p i c a l  v o r t e x  l a t t i c e  r e p r e s e n t a t i o n  of  
t h e  KC-135 wing w i t h  t h e  t i p  f i n s .  S i n c e  t h e  prime a r e a  of  
i n t e r e s t  of t h i s  s t u d y  was t h e  r e g i o n  n e a r  t h e  w i n g t i p ,  t h e  body 
of t h e  a i r p l a n e  was n o t  modeled i n  p o t e n t i a l  f low.  The s m a l l  
loss i n  accu racy  was b e l i e v e d  t o  be outweighed by t h e  s a v i n g s  i n  
computer t i m e .  A f t e r  a series o f  t r a d e s  v a r y i n g  t i p  f i n  h e i g h t  
and c a n t  a n g l e ,  t h e  f i n a l  planform was s e l e c t e d  f o r  t h e  t i p  f i n .  
For t h i s  g i v e n  f i n  planform,  t h r  f i n  i n c i d e n c e  a n g l e  and t h e  pro-  
f i l e  camber shape were des igned  t o  y i e l d  minimum induced d r a g ,  
w h i l e  a t  t h e  same t i m e  t h e  boundary c o n d i t i o n s  were s a t i s f i e d  on 
t h e  remainder  of  t h e  a i r p l a n e .  A s  a f i r s t  g u e s s ,  t h e  wing f i n  
was inp i i t  a s  a f l a t  p l a t e .  The chordwise v s r t i c i t y  d i s t r i b u t i o n  
on t h e  f i n  was approximated by 1 0  l i f t i n g  v o r t e x  e l emen t s ,  w h i l e  
6 p a n e l s  were used i n  t h e  spanwise d i r e c t i o n .  S i n c e  t h e  induced 
d r a g  i s  independent  o f  t h e  shape of t h e  chordwise load  d i s t r i b u -  
t i o n  (Munck's s t a g g e r  t heo rem) ,  t h e  induced d r a g  min imiza t ion  
problem i s  n o t  f u l l y  d e f i n e d  u n l e s s  a we igh t ing  f u a c t i o n  i s  i n t r o -  
duced t h a t  p r e s c r i b e s  how t h e  v o r t i c i t y  i s  d i s t r i b u t e d  among t h e  
1 0  chordwise l i f t i n g  e lements .  The v o r t e x  l a t t i c e  progrcm s o l v e s  
f o r  t h e  optimum t o t a l  amount of  l i f t  c a r r i e d  by e a c h  chordwise 
column and f o r  t h e  o r i e n t a t i o n  of  t n e  p a n e l s  n e c e s s a r y  t o  produce 
t h e  p r e s c r i b e d  chordwise l o a d  v a r i a t i o n .  The a i r f o i l  s e c t i o n  
camber l i n e  i s  o b t a i n e d  by i n t e g r a t i n g  t h e  pane l  s l o p e  changes 
c a l c u l a t e d  by t h e  v o r t e x  l a t t i c e  program. Thin a i r f o i l  t h e o r y  
h a s  been used t o  super impose a s u i t a b l e  t h i c k n e s s  d i s t r i b u t i o n  
and t h e  f i n  camber l i n e s .  The r e s u l t s  of  t h i s  p r o c e s s  a r e  shown 
i n  f i g u r e  10.  
The f ina l -  t i p  f i n  c o n f i g u r a t i o n  was t e s t e d  i n  a wind t u n n e l .  
F i g u r e  11 shows good agreement between t h e  measured changes i n  a 
a i r p l a n e  d r a g  and t h e  p r e d i c t i o n s  of t h e  v o r t e x  l a t t i c e  a n a l y s i s .  
The expe r imen ta l  and t h e o r e t i c a l  l o a d s  on t h e  wing and t h e  t i p  
f i n  a r e  compared i n  f i g u r e  12.  Cons ide r ing  t h a t  t h e  incompress- 
i b l e  v o r t e x  l a t t i c e  a n a l y s i s  d i d  n o t  i n c l u d e  t h e  e f f e c t s  of  t h e  
body and wing thickness, t h e  agreement w i t h  t h e  exper iment  i s  
s u r ; x i s i n g l y  good. 
CONCLUSION 
The vortex lattice method has been successfully applied to 
the design and ~ptimization of three-dimensional configurations. 
The nmlinear analysis-design-optimization problem in which both 
the geometry or portions thereof and the optimum load distribu- - .  h 
tion are unknown can be solved in a straightforward manner. The I 
validity of the method has been demonstrated by application to 
several problems, previously not directly amenable to theoretical 
analysis. The new method has no serious dra..dacks, but it must 
be applied with caution in regions of sudden geometric changes, 
such as intersecting wing surfaces, in which case additional work 
is required to determine the best paneling scheme and optimum 
location of the control points. Even though m o m  advanced panel 
methods have been developed, the vortex lattice approach is stiil 
preferred in many applications for several reasons. The theory 
is simple and can be translated into fast numerical schemes. 
The vortex lattice approach, unlike many other methods, accounts 
for t.he leading edge suction force and therefore, yields an 
accurate near-field drag solution. These characterkstics make 
the vorLex lattice scheme a powerful tool in the hands of an ex- 
perienc, ~d aerodynamicist for the analysis, modification, and 
optimization of three-dimensional configurations. 
SYMBOLS 
APPENDIX 
'Di 
e l l  
Wing a r e a  
Wing a s p e c t  r a t i o  
Wing span  
Loca l  chord  l e n g t h  
Mean chord  l e n g t h  
T o t a l  a i r p l a n e  d r a g  
A i r p l a n e  induced d r a g  
Induced d r a g  o f  e l l i p t i c a l l y  loaded  wing 
Wing l i f t  c o e f f i c i e n t  
Local  l i f t  c o e f f i c i e n t  
Induced d r a g  e f f i c i e n c y  f a c t o r  
Height  of  w i n g l e t  
F r e e  s t r eam Mach number 
Number o f  p a n e l s  
Wing h a l f  span  
Half span o f  e l l i p t i c  wing 
Downwash o r  s idewash  a t  v o r t e x  midpo in t  
C a r t e s i a n  c o o r d i n a t e s  
Local  v o r t e x  s t r e n g t h  
Nondimensional spanwise s t a t i o n  
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Figure  1.- S u r f a c e  d i v i s i o n  i n t o  p a n e l s  and l o c a t i o n  of 
v o r t i c e s  and c o n t r o l  p o i n t s .  
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Figure  2 . -  Spanwise l o a d i n g  cu rve  f o r  minimum induced d r a g  
of wings having  a  f i x e d  t o t a l  l i f t  and a  f i x e d  r o o t  
bending monent . 
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Figure 3.- Variation of minimum induced drag with span f o r  
wings having a f ixed  t o t a l  l i f t  and a f ixed  root bending 
~ o m e n t  .
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Figure 4 . -  Optimum load d i s t r i b u t i o n  about a wing with 
an end p l a t e .  
Figure 5 . -  Downwash and sidewash along the 114-chord l i n e  of 
a wing and end plate  for the minimum induced drag load 
distribution. 
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Figure 6 . -  Induced drag e f f ic iency  factor of wings with 
an end plate .  
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Figure 7.- Five-airplane ar row formation. 
IDEAL lELLlCTlCl LOAD 
D I S T R I ~ U T I O N  FOR MINIMUM IND'JCED 
DRAG AT FORMATION C. .5 
- J 
bl PANWISE LOAD D I S T ~ I D U T I O N  A m U T  FORMbTlON. A L I  AIRPLANES 
TRIMMED AT CL - .I 
OnMATION I 
- kT-; 
Figure 8.- Spanwise load d i s t r i b u t i o n s  about f i v s  a i rp lanes  
f l y i n g  i n  ar row format ion a t  the same a l t i t u d e .  
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Figuz e 9.  - Typical representat ion of wing and winglet 
by a multi-,horseshoe vortex l a t t i c e  systen. 
Figure 10.- Tip f i n  a i r f o i l  sect ions with camber l ine  designed 
by vortex l a t t i c e  optimizing method. 
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Figure 11.- Measured and predicted drag change of 
Boeing KC-135 with tip fins. 
Figure 12.- Comparison between experimental and theoretical 
span load distribution about KC-135 with tip fins. 
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